Physics 604
Final Exam
Dec. 16, 2010

1) (30 pts) Four point charges with charge +q are arranged as in Figure 1.

a) (5 pts.) What is the charge density function p(l’, o, ¢) ?
p(r.0,¢)=-q5(r-a)s(cosd)[5(¢)-S(p-n12)+5(¢p—7x)-5(¢—3x12)]/r?

b) (5 pts.) What are the multipoles (,,, (do as many as you can; there is useful information in the

HW solutions)? In particular, what is the first non-vanishing multipole?
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le (O) vanishes unless| + Mis even so | must be even also. The first non-vanishing multipole

needs to havem =2 and is

c) (4 pts.) Do multipoles for odd M always vanish? Can you explain why or why not using the
rotational symmetry in the source?

Yes. Notice that a rotation about the z -axis by 7 leaves the charge density identical to the
initial density, i.e. p(r,6’,¢+7z) = p(r,9,¢) . But under rotation by 7

Yo (0,6+7)=Y, (6,8)e™™ =(-1)"Y,, (6,9)

Therefore, for rotationally symmetrical distributions
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For M odd, the multipole moments must vanish.
d) (5 pts.) What is the potential at locations withI >aand r<a?
By the addition theorem
o |
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even

D(r,0,4)= [ 7(0,0)+Y, (0,7/2)=Y, (0.7)+Y, (0,37/2)]Y,, (0.9)
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where r_andr_are the smaller and larger of rand a.

e) (5 pts.) Suppose the charges are enclosed in a grounded conducting sphere of radius b centered
on the origin. What are the potentials forr >aand r <a?

The easiest method is to simply add to the solution in d) the negative of the solution of Laplace’s
equation that has the correct boundary potential value
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where r_andr_are the smaller and larger of  and a. This solution would also be obtained by
adding the potentials of the four image charges with strength @' = ¥qb / a at locations
r'=b*/a.



f) (4 pts.) For the solution in e), what is the charge density on the inside surface of the sphere?
o =¢&,E,
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g) (2 pts.) What is the field outside the sphere?

Because the charge is inside the conducting sphere, by Gauss’s Law the field outside the sphere
is shielded away to zero.

2) (25 pts.) Solve the square 2-D potential problem given by Figure 2. The following steps may be
helpful.

a) (5 pts.) What are the fundamental solutions in Cartesian coordinates?

An example of an expansion set is
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A, sin(mzx/a)e

o(xy)=3 "
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+B,, cos(mzx/a)e™* +C_ sin(mrx/a)e™"* + D, cos(mzx/a)e "

mzx/a mzx/a —-mrx/a —mzx/a

+F, cos(mzy/a)e™™* +G, sin(mzy/a)e +H,cos(mry/a)e

b) (5 pts) Solve the boundary value problem with the potential ®atx=0,0<y<aand x=a,
0 < y<aequal to V and with the other sides having ® =0.

Here because of the boundary conditionat y=0andy =a
®(x,y)=> E,sin(mzy/a)e"™™* +G, sin(mry/a)e ™™
m=0
Because of the boundary conditions at X=0and X=a

V= i E,sin(mzy/a)+G,sin(mzy/a)

m=1

V= i E,sin(mzy/a)e™ +G,sin(mzy/a)e™

m=1

Orthogonality gives
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@, (x,y)= sm(m;zy/a)(sinh mnx/a—sinhm;z[(x—a)/a])
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Note that M must be odd for a non-zero expansion coefficient.

(5 pts.) Solve an appropriate boundary value problem to include the facesat® =-V .
The solution is the same switching X <> Y and reversing the sign of the face values:

= 4V 1

~ mz sinhmz
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sin(mzx/a)(sinhmzy/a-sinhmz[(y-a)/a])

®z(x,y)=—

d) (5 pts.) What is the total potential?

By superposition

D, (X’ y) = (Dl(x’ y)"'(Dz (X' y)
o 1 sin(mzy/a)(sinhmzx/a-sinhmz[(x-a)/a])

et M7z sinhmz —sin(m;zx/a)(sinh mzy/a—-sinh m;z[(y—a)/a])

e) (5 pts.) Put a primed coordinate system with its origin at X = (a/ 2,al 2). Near I' =0 what is

the @' dependence of the potential? Near ' =0 what is the &' dependence of the electric
field?

(25 pts.) A uniformly charged infinitely thin spherical shell of charge  and radius ais spun

around the z - axis with constant angular frequency @ .

a) (5 pts.) Show that the current density function j(r, (9,¢) is

j(r,e,qﬁ):%ﬂr—a)sin 0.

The easy way to get this is to realize the charge density is



q
p= o(r-a),
Arra’ ( )
and the rotation velocity is V = wasin 8¢ . Multiplying these two results gives the expression.
Another way is to consider the current passing through the area elementrdrd@atr =a and

polar angle @. The total charge in the ring of charge at this location is (q / 2)sin 6déo . This

charge passes the location on the sphere at @ with frequency @/ 27, so the local current is

(qw/47)sin@dO . The normal to the area element is¢?. Now
IJ¢rdrd9:q—wsin0dH—> J, :q—wﬁ(r—a)sine
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b) (5 pts.) What is the vector potential in all space for this current source assuming the vector
potential vanishesasr — o0 ?
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c) (5 pts.) What is the magnetic induction inside the shell?



Foo . 6 0
—(smHAgﬁ)—FE(rAaﬁ)

20| €OSO(sinOcosgX+singsin gy +cos62)

3-4za| —sin O(cosdcos gk +cosdsin ¢y —sin 67)

21,90 20ma
3.47a 10

where o is the (uniform!) surface charge density.

d) (5 pts.) What is the magnetic induction outside the shell and the magnetic moment?

owa”
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W [Zcosehsin 6’9]

a classic dipole field distribution. Comparing to Eqn. 5.41, the moment is qa)a2 /3. This result

could also be obtained by direct integration too.
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e) (5 pts.) What is the magnetic energy inside and outside the shell?

The magnetic energy inside the shell is easy
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The magnetic energy outside the shell is only slightly more taxing
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one-half the energy inside!

(20 pts.) In our final homework set we dealt with accelerator dipole magnets. In this problem,
solve a similar problem for 2-D accelerator quadrupole magnets with a model current density

J, (r,@):%coszeé(r—a).

(4 pts.) What is the vector potential generated by this source assuming the vector potential
vanishesasl —> o0 ?

The vector potential is

Z(Anrmsinm9+8mrmcosm6?) r<a

A(r.o)="
> (C,rsinmg+D,r"cosmd) r>a
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Continuity and orthogonality atr = a imply

(Anrm sinm@+B,r" cosmH) r<a

A (r.0)=
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The jump condition at I = a and orthogonality imply A, =0, B, =0form=2, and



A oA
or|..., or

B,a*(-2)a™-B,2a* =—(,NI)

=—1,NI cos 20

r-¢

Therefore
—Cc0s20 r<a

—Cc0s20 r>a

b) (4 pts.) What is the magnetic induction inside and outside F =a?

Taking the curl of the vector potential

MNL T
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a
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c) (4 pts.) Write the induction for I < a in terms of the Cartesian coordinates Xand Yy and the

Cartesian unit vectors X and ¥ . What are the powers of X and/or Y that appear?

B=BFf+B,d
= _%[msin @cosd(cosHX+sinHY) + r(cos2 0 —sin? 9)(—sin 6’>?+c0399)]
= —%[rsin 0% +rcosfy] = —%[yidr Xy |

The field is linear in the Cartesian variables.
d) (4 pts.) What is the magnetic energy per unit length inside and outsider =a ?

The magnetic energy inside I =a
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The magnetic energy outside ' =a
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the same as inside (this is a result like Problem 5.30 in Jackson!)

e) (4 pts.) What is the self inductance per unit length of the magnet assuming | is the total current
entering (and leaving!) the magnet?
1., NZ?I2 N2I2 N2I2

=L'N"=T'=n + 7 = Ty ———
5 Ho 16 Ho 16 Ho 3

NZ

LU= 77,“08

Extra credit (5 pts.): Given what you already know, what is a functional form of the potential as a
function of r and @, and also of Xand Y for a sextupole magnet? (you’ve done di(two)poles and

qguad(four)rupoles already now!)
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